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Abstract
A graph G is 2-stratied if its vertex set is partitioned into two classes (each of which is a stratum or a color class.)
We color the vertices in one color class red and the other color class blue. Let F be a 2-stratied graph with one xed
blue vertex v specied. We say that F is rooted at v. The F-domination number of a graph G is the minimum number of
red vertices of G in a red–blue coloring of the vertices of G such that every blue vertex v of G belongs to a copy of F
rooted at v. In this paper we investigate the F-domination number when (i) F is a 2-stratied path P3 on three vertices
rooted at a blue vertex which is a vertex of degree 1 in the P3 and is adjacent to a blue vertex and with the remaining
vertex colored red, and (ii) F is a 2-stratied K3 rooted at a blue vertex and with exactly one red vertex.
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1. Introduction
In this paper we continue the study of stratication and domination in graphs started by Chartrand et al. [4]. A graph
G together with a xed partition of V (G) is called a strati+ed graph. If the partition is V (G) = {V1; V2}, then G is a
2-stratied graph and the sets V1 and V2 are called the strata or sometimes the color classes of G. We ordinarily color
the vertices of V1 red and the vertices of V2 blue. In [16], Rashidi studied a number of problems involving stratied
graphs; while distance in stratied graphs was investigated in [2,3,5].
A set S ⊆ V (G) of a graph G is a dominating set if every vertex not in S is adjacent to a vertex in S. The domination
number of G, denoted by 	(G), is the minimum cardinality of a dominating set. A dominating set of G of cardinality 	(G)
is called a 	-set of G. The concept of domination in graphs, with its many variations, is now well studied in graph theory.
The book by Chartrand and Lesniak [6] includes a chapter on domination. For a more thorough study of domination in
graphs, see Haynes, Hedetniemi, and Slater [9,10].
In [4] a new mathematical framework for studying domination is presented. It is shown that the domination number and
many domination-related parameters can be interpreted as restricted 2-stratications or 2-colorings, with the red vertices
forming the dominating set. This framework places the domination number in a new perspective and suggests many other
parameters of a graph which are related in some way to the domination number.
More precisely, let F be a 2-stratied graph with one xed blue vertex v specied. We say that F is rooted at the blue
vertex v. An F-coloring of a graph G is dened in [4] to be a red–blue coloring of the vertices of G such that every
blue vertex v of G belongs to a copy of F (not necessarily induced in G) rooted at v. The F-domination number 	F (G)
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of G is the minimum number of red vertices of G in an F-coloring of G. In [4], an F-coloring of G that colors 	F (G)
vertices red is called a 	F -coloring of G. The set of red vertices in a 	F -coloring is called a 	F -set. If G has order n and
G has no copy of F , then certainly 	F (G) = n.
In this paper we investigate the F-domination number when F is a 2-stratied path P3 on three vertices rooted at a
blue vertex which is a vertex of degree 1 in the P3 and is adjacent to a blue vertex and with the remaining vertex colored
red. We show that for a tree of diameter at least three this parameter is at most two-thirds its order and we characterize
the trees attaining this bound. We also investigate the F-domination number when F is a 2-stratied K3 rooted at a blue
vertex and with exactly one red vertex. We provide a proof using counting techniques to show that if every vertex is in
a triangle, then this parameter is strictly less than one-half its order. As a consequence of this proof we obtain a sharp
upper bound on this parameter when the graph has small domination number relative to its order.
1.1. Notation
We use the notation of [9]. Specically, a leaf of a tree T is a vertex of degree 1, while a support vertex of T is a
vertex adjacent to a leaf. A support vertex adjacent to two or more leaves is called a strong support vertex. A path on n
vertices is denoted by Pn. A tree is a double star if it contains exactly two vertices that are not leaves. A subdivided star,
denoted K∗1; k , is obtained from a star K1; k by subdividing every edge exactly once. We call a path of maximum length in
a tree a diametrical path in the tree.
Let G = (V; E) be a graph with vertex set V and edge set E. The order of G is n = |V | and its size is m = |E|.
Let v be a vertex in V . The open neighborhood of v is N (v) = {u∈V | uv∈E} and the closed neighborhood of v is
N [v] = {v} ∪ N (v). For a set S of vertices, the open neighborhood of S is dened by N (S) =⋃v∈S N (v), and the closed
neighborhood of S by N [S] = N (S) ∪ S. A vertex w∈V − S is an external private neighbor of v (with respect to S) if
N (w)∩S={v}; and the external private neighborhood of v with respect to S, denoted epn(v; S), is the set of all external
private neighbors of v. We denote the subgraph of G induced by S by G[S].
BollobHas and Cockayne [1] established the following property of minimum dominating sets in graphs.
Proposition 1 (BollobHas and Cockayne [1]). If G is a graph with no isolated vertex, then there exists a 	(G)-set S such
that |epn(v; S)|¿ 1 for each v∈ S.
2. Known results
If F is a K2 rooted at a blue vertex v that is adjacent to a red vertex, then it is shown in [4] that 	F (G) = 	(G). Thus
domination can be interpreted as restricted 2-stratications or 2-colorings, with the red vertices forming the dominating set.
Let F be a 2-stratied P3 rooted at a blue vertex v. The ve possible choices for the graph F are shown in Fig. 1.
(The red vertices in Fig. 1 are darkened.)
The following result is established in [4].
Theorem 2 (Chartrand et al. [4]). If G is a connected graph of order at least 3, then for i∈{1; 2; 4; 5}, the parameter
	Fi (G) is given by the following table:
i 1 2 4 5
	Fi (G)= 	t(G) 	(G) 	r(G) 	2(G)
where 	t(G) denotes the total domination number (see [9]), 	r(G) denotes the restrained domination number (see [7,9]),
and 	2(G) denotes the 2-domination number (see [8,9]).
Fig. 1.
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3. The parameter 	F3 (G)
The parameter 	F3 (G) (see Fig. 1) appears to be new. As pointed out in [4], F3-domination is not the same as the
distance domination parameter called k-step domination introduced in [15]. A set S ⊆ V is a k-step dominating set if
for every vertex u∈V − S, there exists a path of length k from u to some vertex in S. The k-step domination number
is the minimum cardinality of any k-step dominating set of G. The diJerence in 2-step domination and F3-domination
is that in F3-domination every blue vertex must have a blue-blue-red path (of length two) to some red vertex. Thus,
every F3-dominating set is a 2-step dominating set, but not every 2-step dominating set is a F3-dominating set. If T is
a star K1; n−1 of order n¿ 3, then 	F3 (T ) = n since the central vertex of T must be colored red in any F3-coloring of
T . However the 2-step domination number of T equals 2 (the set consisting of the central vertex and any leaf of T is
a 2-step dominating set of T ). A survey of results on distance domination in graphs can be found in Section 7.4 of [9].
For a more comprehensive survey, the reader is referred to [11].
Our aim in this section is to investigate the F3-domination number of a tree. In particular, we establish an upper bound
on the F3-domination number of a tree in terms of its order and we characterize the trees attaining this bound.
3.1. Paths
First we establish the F3-domination number of a path Pn on n vertices.
Proposition 3. For n¿ 1, 	F3 (Pn) =
⌊
n+7
3
⌋
+
⌊
n
3
⌋− ⌈ n3⌉.
Proof. We proceed by induction on the order n of a path Pn. The result is straightforward to verify for n6 3. Assume
then that n¿ 4. Consider a path P: v1; v2; : : : ; vn.
We show rst that there exists a 	F3 -coloring of P that colors v1 and v4 red and v2 and v3 blue. Consider a 	F3 -coloring
of P. If v1 is colored blue, then there is a copy of F3 rooted at v1, and so v2 is colored blue and v3 red. But then there
is no copy of F3 rooted at v2, a contradiction. Hence, v1 is colored red. If v2 is colored blue, then since there is a copy
of F3 rooted at v2, v3 is blue and v4 red as desired. Suppose then that v2 is colored red. If now v3 is blue, then v4 must
be blue and v5 red. But then interchanging the colors of v2 and v4 produces a new 	F3 -coloring of P that colors v1 and
v4 red and v2 and v3 blue, as desired. On the other hand, if v3 is red, then v4 must be blue (otherwise if v4 is red we
can recolor v2 and v3 blue to produce an F3-coloring that colors 	F3 -2 vertices red, a contradiction) and therefore v5 is
blue and v6 is red. But then recoloring v2 and v3 blue and recoloring v4 and v5 red produces a new 	F3 -coloring of P that
colors v1 and v4 red and v2 and v3 blue, as desired.
Let C be a 	F3 -coloring of P that colors v1 and v4 red and v2 and v3 blue. Let P
′=P−{v1; v2; v3}. Then the restriction
of C to the path P′ is an F3-coloring of P′ that colors 	F3 (P)− 1 vertices red. Hence, 	F3 (P′)6 	F3 (P)− 1. On the other
hand, any 	F3 -coloring of P
′ colors its end-vertices v4 and vn red and can therefore be extended to an F3-coloring of P
by coloring v1 red and v2 and v3 blue. Thus, 	F3 (P)6 	F3 (P
′) + 1. Consequently, 	F3 (P) = 	F3 (P
′) + 1. Since P ∼= Pn and
P′ ∼= Pn−3, the result now follows by applying the inductive hypothesis to the path P′.
3.2. The Family T
Let H1 = P6 and for k¿ 2, let Hk be the tree obtained from the disjoint union of a star K1; k+1 and a subdivided star
K∗1; k by joining a leaf of the star to the central vertex of the subdivided star. The tree H3 is illustrated in Fig. 2.
Let T = {Hk | k¿ 1}.
The following lemma establishes some properties of trees in the family T.
Lemma 4. If T ∈T has order n, then diam(T ) = 5 and 	F3 (T ) = 2n=3. Further, every vertex of T belongs to some
	F3 -set of T .
Fig. 2.
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Proof. If T = H1, then T = P6 and 	F3 (T ) = 2n=3 and clearly every vertex of T belongs to some 	F3 -set of T . Suppose
then that T =Hk for some k¿ 2. Then, n= 3(k + 1). Let u and w denote the central vertices of the star and subdivided
star, respectively. If some F3-coloring of T colors w red, then all vertices of the subdivided star must be colored red and
at least one leaf of T in the star is colored red. On the other hand, if some F3-coloring of T colors w blue, then u and all
the leaves of T are colored red. Further, at least one neighbor of w must be colored red. Hence irrespective of whether
w is colored red or blue, any F3-coloring of T colors at least 2(k + 1) vertices red. However coloring all vertices of the
subdivided star red and exactly one leaf of T in the star red and all other vertices blue, produces an F3-coloring of T
that colors 2(k + 1) vertices red. Hence, 	F3 (T ) = 2n=3. Further, coloring all vertices of the star red and exactly one leaf
of the subdivided star red and all other vertices blue, produces another F3-coloring of T that colors 2(k +1) vertices red.
Hence every vertex of T belongs to some 	F3 -set of T .
3.3. Main result
As observed earlier, if T is a star K1; n−1 of order n¿ 3, then 	F3 (T ) = n. Hence in what follows we consider trees of
diameter at least 3. Our main result establishes an upper bound on the F3-domination number of a tree of diameter at
least 3 in terms of its order.
Theorem 5. If T is a tree of order n with diam(T )¿ 3, then 	F3 (T )6 2n=3 with equality if and only if T ∈T.
Proof. We proceed by induction on the order n¿ 4 of a tree T with diameter at least 3. If n = 4, then T = P4 and
	F3 (T ) = 2¡ 2n=3. This establishes the base case. Assume then that n¿ 5 and that all trees T
′ of order n′¡n with
diam(T ′)¿ 3 satisfy 	F3 (T
′)6 2n′=3 with equality if and only if T ′ ∈T. Let T be a tree of order n with diam(T )¿ 3.
We proceed further with four claims.
Claim 1. If diam(T ) = 3, then 	F3 (T ) = 26 n=2.
Proof. The tree T is a double star and coloring any two leaves at distance 3 apart red and coloring all other vertices
blue produces an F3-coloring of T . Thus, 	F3 (T )6 26 n=2. Since 	F3 (G)¿ 2 for any nontrivial tree G, the desired result
follow.
Claim 2. If diam(T ) = 4, then 	F3 (T )6 (n+ 1)=2.
Proof. The tree T can be obtained from k¿ 2 disjoint nontrivial stars by adding a new vertex w and joining w to a
vertex of maximum degree in each star and adding t¿ 0 new vertices and joining them to w. For i = 1; 2; : : : ; k, let
Ti = K1; ni−1, ni¿ 2, be the k disjoint stars and let vi be the vertex of Ti joined to w (if ni¿ 3, then vi is the central
vertex of Ti). Thus, n= t + 1 +
∑k
i=1 ni.
Suppose that t¿ 1. Then, n¿ 2(k + 1). We now select any packing S of T (i.e., if u; v∈ S, then d(u; v)¿ 3)
that consist of k + 1 leaves (and so S consists of one leaf from each of the k stars and one leaf adjacent to w).
Coloring each vertex of S red and coloring all other vertices blue, produces an F3-coloring of T . Hence, 	F3 (T )6
k + 16 n=2.
Suppose that t = 0. We may assume that n16 n26 · · ·6 nk . Coloring all n1 vertices in T1 red and one leaf of Ti
red for i = 2; : : : ; k, and coloring all remaining vertices blue, produces an F3-coloring of T . Hence, 	F3 (T )6 n1 + k − 1.
However, n+ 1 = 2 +
∑k
i=1 ni¿ 2 + 2n1 + (k − 2)2 = 2(n1 + k − 1), and so 	F3 (T )6 (n+ 1)=2.
Claim 3. If diam(T ) = 5, then 	F3 (T )6 2n=3 with equality if and only if T ∈T.
Proof. If n=6, then T =P6 and 	F3 (T ) = 2n=3 and T ∈T. Assume then that n¿ 7. Let P: u; v; w; x; y; z be a diametrical
path in T . Let Tw and Tx denote the components of T − wx containing w and x, respectively, and let n1 = |V (Tw)| and
n2 = |V (Tx)|. We consider three possibilities.
Suppose degw¿ 3 and deg x¿ 3. Then each of Tw and Tx has diameter 3 or 4. Hence by Claims 1 and 2, 	F3 (Tw)6
(n1 + 1)=2 and 	F3 (Tx)6 (n2 + 1)=2. Combining an F3-coloring of Tw and an F3-coloring of Tx produces an F3-coloring
of T , and so 	F3 (T )6 (n+ 2)=2¡ 2n=3.
Suppose degw = deg x = 2. Then each of Tw and Tx is a star with central vertices v and y, respectively. We may
assume that n16 n2, and so n¿ 2n1. Coloring all n1 vertices in Tw red and one leaf of T in Tx red and coloring all other
vertices blue, produces an F3-coloring of T . Hence, 	F3 (T )6 n1 + 16 (n+ 2)=2¡ 2n=3.
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By symmetry, we may therefore assume that degw = 2 and deg x¿ 3. Coloring all n2 vertices in Tx red and one
leaf of T in Tw red and coloring all other vertices blue, produces an F3-coloring of T , and so 	F3 (T )6 n2 + 1. Thus
if n26 (2n − 4)=3, then 	F3 (T )¡ 2n=3. Hence we may assume that n2¿ 2n=3 − 1 = 2(n1 + n2)=3 − 1 or, equivalently,
n2¿ 2n1 − 3. Thus, n= n1 + n2¿ 3(n1 − 1), i.e., n16 n=3 + 1.
Suppose diam(Tx) = 3. Then, Tx is a double star with central vertices x and y. Coloring all n1 vertices in Tw red and
coloring one leaf in Tx at distance 2 from x red, and coloring all other vertices blue, produces an F3-coloring of T , and
so 	F3 (T )6 n1 + 16 n=3 + 2¡ 2n=3.
Suppose nally that diam(Tx) = 4. Then, Tx − x consists of k¿ 2 disjoint stars each of order at least 2 and possibly
isolated vertices. Thus, n2¿ 2k + 1. Coloring all n1 vertices in Tw red and coloring one leaf of T from each of the k
disjoint stars in Tx− x red, and coloring all other vertices blue, produces an F3-coloring of T , and so, since n16 n=3+1,
	F3 (T )6 n1 + k6 n1 +(n2−1)=2=(n+n1−1)=26 (n+n=3)=2=2n=3. Furthermore, if 	F3 (T )=2n=3, then we must have
equality throughout this inequality chain. In particular, n2 = 2k + 1 and n1 = n=3 + 1, and so n= 3(k + 1) and n1 = k + 2.
Thus, Tw = K1; k+1 and Tx = K∗1; k , i.e., T = Hk ∈T as desired.
Claim 4. If diam(T ) = 6, then 	F3 (T )¡ 2n=3.
Proof. Among all vertices that belong to a diametrical path and are at distance 2 from a leaf of this path, let y be chosen
to have maximum possible degree. Let P: u; v; w; x; y; z; z′ be such a diametrical path. Then, x is the central vertex of T .
Suppose deg y¿ 3. Let T1 and T2 denote the two components of T − xy, where y∈V (T1). Then, diam(T1)∈{3; 4}
and diam(T2)¿ 3. For i=1; 2, let |V (Ti)|=ni. By the inductive hypothesis, 	F3 (T1)¡ 2n1=3 and 	F3 (T2)6 2n2=3, whence
	F3 (T )6 	F3 (T1)+ 	F3 (T2)¡ 2n=3. Thus we may assume that deg y=2. Hence by our choice of y, every vertex adjacent
to x on a path of length 3 emanating from x has degree 2. In particular, degw = 2.
Suppose there is no leaf at distance 2 from x. Then, Tx =T − x consists of possibly isolated vertices and k¿ 2 disjoint
stars each of order at least 3 that are joined to x by one of their leaves. Let r = |N [x]|. If r6 n=2, then coloring x and
every leaf adjacent to x red and coloring one leaf of T from each of the k disjoint stars in Tx − x red, and coloring all
other vertices blue, produces an F3-coloring of T that colors exactly r vertices red, and so 	F3 (T )6 r6 n=2. On the other
hand if r¿ (n+1)=2, then coloring all vertices of V −N [x] red and coloring one non-leaf neighbor of x red produces an
F3-coloring of T that colors exactly n− r+1 vertices red, and so 	F3 (T )6 n− r+16 (n+1)=2. Hence we may assume
that there is at least one leaf at distance 2 from x, i.e., at least one neighbor of x is a support vertex. By our choice of
y, every neighbor other than x of such a support vertex is a leaf.
Suppose x has a neighbor x′ of degree at least 3. Then x′ is a support vertex every neighbor of which diJerent from
x is a leaf. Let v′ be a leaf adjacent to x′.
Suppose rst that there is a strong support vertex at distance 2 from x. We may assume z is such a vertex. Consider
the tree T ′ = T − {v′; z′} of order n′ = n− 2. By the inductive hypothesis, 	F3 (T ′)6 (2n′ − 1)=3 = (2n− 5)=3. Consider
a 	F3 -coloring C
′ of T ′. If x is colored red, then necessarily y and z are colored blue and exactly one leaf adjacent to
z in T ′ is colored red. Hence C′ can be extend to an F3-coloring of T by coloring z′ blue and v′ red. On the other
hand, suppose x is colored blue. Then every support vertex at distance 2 from x is colored red and therefore every leaf at
distance 3 from x is colored red. Hence we may assume that x′ is colored blue (since if x′ is colored red, we can recolor
y, for example, red and recolor x′ blue). Further exactly one leaf adjacent to x′ in T ′ is colored red. Hence C′ can be
extended to an F3-coloring of T by coloring z′ red and v′ blue. In both cases, 	F3 (T )6 	F3 (T
′) + 16 2(n− 1)=3.
Suppose secondly that every support vertex at distance 2 from x has degree 2. In particular, deg z = 2. Let T ′ = T −
{v′; y; z; z′} and let T ′ have order n′. Since diam(T ′)∈{5; 6}, 	F3 (T ′)6 2n′=3 = 2(n − 4)=3. Consider a 	F3 -coloring C′
of T ′. If x is colored red, then we can extended C′ to an F3-coloring of T by coloring v′ and z′ red and coloring y
and z blue. On the other hand, if x is colored blue, then we can choose C′ so that x′ is colored blue and exactly one
leaf adjacent to x′ in T ′ is colored red. Hence we can extend C′ to an F3-coloring of T by coloring v′ and y blue and
coloring z and z′ red. In both cases, 	F3 (T )6 	F3 (T
′) + 26 2(n− 1)=3. Thus we may assume that every neighbor of x
has degree at most 2, for otherwise 	F3 (T )¡ 2n=3. In particular, every support vertex adjacent to x has degree 2. Let x
′
be a support vertex adjacent to x and let v′ be the leaf adjacent to x′.
Suppose a support vertex at distance 2 from x has degree 2. We may assume that deg z=2. Let T ′=T −{v′; x′; y; z; z′}
and let the tree T ′ have order n′. By the inductive hypothesis, 	F3 (T
′)6 2n′=3. Consider a 	F3 -coloring C
′ of T ′. If x is
colored red, then we can extended C′ to an F3-coloring of T by coloring v′, x′ and z′ red and coloring y and z blue. On
the other hand, if x is colored blue, then since every neighbor of x has degree at most 2, at least one neighbor of x in T ′
is colored red. Hence we can extend C′ to an F3-coloring of T by coloring v′, z and z′ red and coloring x′ and y blue.
In both cases, 	F3 (T )6 	F3 (T
′) + 36 2n′=3 + 3¡ 2n=3. Hence we may assume that every support vertex at distance 2
from x is a strong support vertex. Further, renaming if necessary, we may assume that z is such a strong support vertex
of smallest degree.
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Let T ′=T−{v′; x′; z′} and let T ′ have order n′=n−3. Then, diam(T ′)=6. By the inductive hypothesis, 	F3 (T ′)¡ 2n′=3.
Consider a 	F3 -coloring C
′ of T ′. If x is colored red, then necessarily y and z are colored blue and exactly one leaf
adjacent to z in T ′ is colored red. Hence we can extend C′ to an F3-coloring of T by coloring v′ and x′ red and coloring
z′ blue. On the other hand, if x is colored blue, then since every neighbor of x has degree at most 2, at least one neighbor
of x in T ′ is colored red. Hence we can extend C′ to an F3-coloring of T by coloring v′ and z′ red and coloring x′ blue.
In both cases, 	F3 (T )6 	F3 (T
′) + 26 (2n′ − 1)=3 + 2¡ 2n=3. This completes the proof of Claim 4.
We now return to the proof of Theorem 5. By Claims 1–4, we may assume that diam(T )¿ 7. We show that
	F3 (T )¡ 2n=3. Let P: v1; v2; : : : ; vdiam(T )+1 be a diametrical path in T . Let T1 and T2 denote the two components of T−v4v5
of orders n1 and n2, respectively, where v4 ∈V (T1). For i = 1; 2, diam(Ti)¿ 3. Applying the inductive hypothesis to Ti,
	F3 (Ti)6 2ni=3 with equality if and only if Ti ∈T. Hence, 	F3 (T )6 	F3 (T1) + 	F3 (T2)6 2n1=3+ 2n2=3= 2n=3. Further if
	F3 (T ) = 2n=3, then we must have equality throughout this inequality chain. In particular for i= 1; 2, 	F3 (Ti) = 2ni=3, and
so Ti ∈T. By Lemma 4, there is a 	F3 -coloring C of T2 that colors v5 red. Since T1 ∈T, T1 = Hk for some k¿ 1 and
by Lemma 4, 	F3 (T1) = 2(k +1)=3. Let u; v; w; x; y; z be a path in T1 where v and x denote the central vertices of the star
and subdivided star, respectively, in T1. Since P is a longest path in T , either v4 = w or v4 = x.
If v4 =w, then we can extend C to an 	F3 -coloring of T by coloring all leaves in the subdivided star of T1 red, coloring
one vertex in the subdivided star adjacent to a leaf red, and coloring one leaf of T1 in the star red and coloring all other
vertices blue. Hence, 	F3 (T )6 k + 2 + 	F3 (T2)¡	F3 (T1) + 	F3 (T2) = 2n=3. On the other hand, if v4 = x, then we can
extend C to an 	F3 -coloring of T by coloring all leaves in T1 red and coloring v red and coloring all other vertices blue.
Hence, 	F3 (T )6 2k + 1 + 	F3 (T2)¡n=3.
We close this subsection with the following consequence of Theorem 5.
Corollary 6. If T is a tree of order n with diam(T )¿ 6, then 	F3 (T )¡ 2n=3, and this bound is asymptotically best
possible.
Proof. By Theorem 5, 	F3 (T )¡ 2n=3. That this bound is asymptotically best possible may be seen as follows: Let ‘¿ 3
be a +xed integer and let k be a very large integer. Let T be the tree obtained from Hk by attaching a path of length
‘ to the central vertex, w say, of the subdivided star in Hk . Let P be the resulting path emanating from w (on ‘ + 1
vertices). Then, diam(T ) = ‘ + 3¿ 6 and n= |V (T )|= 3k + ‘ + 3.
If some F3-coloring of T colors w red, then all vertices of the subdivided star must be colored red, at least one leaf
of T in the star is colored red and at least (|V (P)| + 2)=3 = (‘ + 3)=3 vertices of P (including w) must be colored red.
On the other hand, if some F3-coloring of T colors w blue, then all the leaves of T in both the subdivided star and the
star are colored red, the center of the star is colored red, and at least (‘ + 2)=3 additional vertices including at least one
neighbor of w (possibly on P) are colored red. It follows that any F3-coloring of T colors at least 2k +(‘+5)=3 vertices
red. Hence as k →∞,
	F3 (T )
n
=
6k + ‘ + 5
9k + 3‘ + 9
=
6 + ‘k +
5
k
9 + 3‘k +
9
k
→ 2
3
:
Therefore the bound 	F3 (T )¡ 2n=3 is asymptotically best possible.
4. A 2-strati#ed K3
The two 2-stratied graphs K3 rooted at a blue vertex v are shown in Fig. 3, where the red vertices are indicated by
darkened vertices.
Obviously, in any F6-coloring or F7-coloring of G, every vertex not on a triangle of G must be colored red. The
following two results were established by Chartrand et al. [4].
Fig. 3.
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Theorem 7 (Chartrand et al. [4]). If G is a graph of order n in which every vertex is in a triangle, then 	F6 (G)6 2n=3,
and this bound is sharp.
Theorem 8 (Chartrand et al. [4]). If G is a graph of order n in which every vertex is in a triangle, then 	F7 (G)¡n=2,
and this bound is asymptotically best possible.
Our aim in this section is two-fold: First to present an alternative proof (using counting arguments) of Theorem 8 to
that presented in [4] (which is by induction on the order of a graph in which every vertex is in a triangle), and secondly
to show that this new proof can be used to obtain a sharp upper bound on the F7-domination number of a graph with
small domination number relative to its order. We will need the following result in [12].
Theorem 9 (Henning and Swart [12]). If G is a graph of order n in which every vertex is in a triangle, then 	(G)6 n=3,
and this bound is sharp.
Theorem 10. If G is a graph of order n¿ 3 in which every vertex is in a triangle, then 	F7 (G)¡n=2. Further, if
2(	(G) + 1)=26 (√8n+ 1− 1)=4, then
	F7 (G)6
n
2
− 1
8
(
√
8n+ 1− 1);
and this bound is sharp.
Proof. Let g(n) = (
√
8n+ 1− 1)=4 and let f(n) = 12 (n− g(n)). Then, f(n) = (g(n))2. For n¿ 3, f(n) is an increasing
function in n and f(n)¿ n=3. If 	(G) = 1, then 	F7 (G) = 1 = f(3)6f(n). Hence in what follows we assume that
	(G)¿ 2. Removing edges of G, if any, that do not belong to a triangle produces a graph with the same F7-domination
number as that of G. Hence in what follows we assume that every edge of G is in a triangle.
By Proposition 1, there exists a 	(G)-set S such that |epn(v; S)|¿ 1 for every v∈ S. Let |S|= s. We dene S1 and S2
to be a balanced partition of S if S1 and S2 is a partition of S into two subsets such that |S1|= s=2 and |S2|= s=2.
Consider a balanced partition S1 and S2 of S. Let X = {v∈V − S | v belongs to no triangle that contains two vertices
of S}. For each vertex v∈X , we select one triangle Tv that contains v and a vertex of S. Let X1={v∈X : |V (Tv)∩S1|=1}
and let X2 = X − X1. Note that every external private neighbor (with respect to S) of a vertex of S1 (resp., S2) is in X1
(resp., X2). Let
Y =
⋃
v∈X
V (Tv):
Then, X ∪ S ⊂ Y . Let C = V − Y . Then each vertex of C belongs to a triangle that contains two vertices of S. If C = ∅,
then S is an F7-coloring of G, and so, by Theorem 9, 	F7 (G)6 |S|6 n=36f(n). Hence we may assume that C = ∅.
For each v∈C, we select one triangle Tv that contains it and two vertices of S and we associate these two vertices of S
with v. Let
EF =
⋃
v∈C∪X
E(Tv)
and let F be the subgraph of G induced by the subset EF of edges of G. By construction, F is a spanning subgraph of
G every vertex of which belongs to a triangle (in F) with some vertex of S. Since 	F7 (G)6 	F7 (F), it suNces to prove
that 	F7 (F)¡n=2 and that if 2(s + 1)=26 g(n), then 	F7 (F)6f(n). Let D = {w∈ Y |w is adjacent in F to a vertex
of X1 and to a vertex of X2} (possibly, D = ∅), and let
A=
( ⋃
v∈X1
V (Tv)
)
− (D ∪ S) and B =
( ⋃
v∈X2
V (Tv)
)
− (D ∪ S):
Let |A|= a, |B|= b, |C|= c, and |D|= d. Note that V − S = A ∪ B ∪ C ∪ D, and so n= s + a+ b+ c + d.
We say that v∈C is good relative to S1 and S2 if v has one of its associated vertices in S1 and the other in S2, and
bad otherwise. Hence if S1 and S2 is a random balanced partition of S, then the probability that v is good is(⌈ s
2
⌉
·
⌊ s
2
⌋)/( s
2
)
:
Let k = (s + 1)=2. Thus, s = 2k or s = 2k − 1 (depending on the parity of s). Then the probability that v is good
is k=(2k − 1). Hence the expected number of good vertices in C relative to S1 and S2 is kc=(2k − 1). Now among all
balanced partitions of S, we choose a balanced partition S1 and S2 with the maximum number of good vertices.
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Let Cg denote the set of all good vertices of C (relative to our partition S1 and S2) and let Cb denote the set of all
bad vertices of C. Let |Cg|= cg and |Cb|= cb. Then, cb + cg = c. Furthermore, by our choice of the partition S1 and S2,
cg¿
(
k
2k − 1
)
c and cb6
(
k − 1
2k − 1
)
c:
We proceed further by proving the following claim.
Claim 5. 	F7 (F)6
1
2
(
n− c2k−1
)
.
Proof. By construction, every edge of F that joins a vertex of C and a vertex of S belongs to a triangle of F that contains
two vertices of S, while every edge of F that joins two vertices of S belongs to a triangle that contains a vertex of C. In
particular, each vertex of S that is isolated in G[S] is adjacent to no vertex of C. For i=1; 2, let S′i be the set of vertices
of Si that are isolated in G[S]. Let A′ be the set of vertices of A that are adjacent in F to a vertex in S′1, and let B
′
be the set of vertices of B that are adjacent in F to a vertex in S′2. Since |epn(v; S)|¿ 1 for every v∈ S, |A′|¿ |S′1| and
|B′|¿ |S′2|. Now the set S1∪S′2∪Cb∪ (B−B′) is an F7-coloring of F , and so 	F7 (F)6 k+cb+b+ |S′2|−|B′|6 k+cb+b.
Further, the set S2∪S′1∪Cb∪ (A−A′) is an F7-coloring of F , and so 	F7 (F)6 s=2+cb+a+ |S′1|− |A′|6 s=2+cb+a.
Suppose s is even. Then, 	F7 (F)6min(k + cb + b; k + cb + a). By symmetry, we may assume that a¿ b. Thus,
	F7 (F)6 k + cb + b
6 k +
(
k − 1
2k − 1
)
c + b
6
1
2
(
2k + 2b+ c − c
2k − 1
)
6
1
2
(
s + a+ b+ c + d− c
2k − 1 − d
)
=
1
2
(
n− c
2k − 1 − d
)
:
Suppose s is odd. Then, 	F7 (F)6min(k + cb + b; k − 1 + cb + a). If b6 a− 1, then,
	F7 (F)6 k + cb + b
6
1
2
(
2k + 2b+ c − c
2k − 1
)
6
1
2
(
2k + (a− 1) + b+ c + d− c
2k − 1 − d
)
=
1
2
(
n− c
2k − 1 − d
)
:
On the other hand, if a6 b (and still s is odd), then since 	F7 (F)6 k − 1 + cb + a, it can readily be established that
	F7 (F)¡
1
2
(
n− c
2k − 1 − d
)
:
Since d¿ 0, the desired upper bound follows.
We now return to the proof of Theorem 10. Since c¿ 1, it follows from Claim 5 that 	F7 (F)¡n=2.
Suppose further that 2(s+1)=26 g(n), i.e., suppose that 2k6 g(n). If c=(2k−1)¿ g(n), then it follows from Claim 5
that 	F7 (F)6f(n), as desired. Thus we may assume that c=(2k − 1)¡g(n), i.e., c¡ (2k − 1)g(n). The set S ∪ C is
an F7-coloring of F , and so
	F7 (F)6 s + c¡ 2k + (2k − 1)g(n)6 (g(n))2 = f(n);
as desired.
We close with the following.
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Conjecture 1. If G is a graph of order n in which every vertex is in a triangle, then
	F7 (G)6
n
2
− 1
8
(
√
8n+ 1− 1):
As shown in Theorem 10, Conjecture 1 is true for graphs with small domination number relative to their order. If
Conjecture 1 is true, then the upper bound is sharp as may be seen as follows. For t¿ 2 even, let G be the graph of
order n = t +
( t
2
)
obtained from a complete graph Kt on t vertices by adding a new vertex adjacent to each pair of
vertices in the complete graph Kt . Then G has t + 1 diJerent minimal F7-colorings (where an F7-coloring is minimal if
no proper subset of the red vertices produces an F7-coloring) depending on how many vertices of Kt are colored red. For
06 x6 t, let
h(x) = x +
(
x
2
)
+
(
t − x
2
)
:
Then a minimal F7-coloring that colors exactly x vertices of Kt red colors exactly h(x) vertices of G red. A straightforward
calculus argument shows that if x is a real number, then h(x) is minimized when x = (t − 1)=2. Hence, since x is an
integer and t is even, and since h(x) is a quadratic in x, h(x) is minimized when x is the nearest integer to (t − 1)=2,
i.e., when x = (t − 2)=2 or x = t=2. Thus since h((t − 2)=2) = h(t=2) = t2=4,
	F7 (G) =
t2
4
=
n
2
− 1
8
(
√
8n+ 1− 1):
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